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Abstract We formulate and solve a non-Fickian macro-
scopic model of axial diffusion of a granular material in a fi-
nite cylindrical tumbler. The model accounts for localization
of shear and, thus, diffusion induced by particle collisions in
a thin surface flowing layer in the cross-section of the drum.
All model parameters are related to measurable quantities in
a granular flow. The proposed non-Fickian model could ad-
dress certain “anomalous” features previously identified in
experiments on axial diffusion and segregation of granular
materials. It is shown that the proposed model is a mem-
ber of the general class of linear constitutive relations with
memory. The theoretical predictions suggest new ideas to
interpret the results of experimental measurements.
Keywords Granular flow · Non-Fickian diffusion ·Mixing
1 Introduction
Granular materials at rest, in flow or under external agita-
tion behave like various continua (gas, liquid, solid), albeit
with quite “unusual” properties [2, 3]. This dichotomy has
allowed successful practical modeling of granular mixing,
yet it has also led to puzzles and challenges [4, 5]. In partic-
ular, diffusion is a fundamental powder mixing mechanism
[6]. A number of agitation processes lead to non-equilibrium
velocity fluctuations that cause “self-diffusion” in granu-
lar flows: from tumblers (axial diffusion) [7] to shear flows
(anisotropic diffusion) [8, 9] to radial Hele-Shaw cells (ra-
dial diffusion) [10] to cylindrical Couette cells (axial and ra-
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Fig. 1 Schematic of a long cylindrical tumbler of radius R and length
2L, showing the flow geometry and notation; adapted from [1]. The
bottom-right inset is a diagram of the flow in the tumbler’s cross-
section and related notation. The top-left overlay is a diagram of the
cross-sectionally averaged axial diffusion process. Shaded regions are
the filled portions of the tumbler (fill fraction φ = 0.5 as illustrated).
dial diffusion) [11, 12]. Then, axial mixing of granular ma-
terials in a rotating drum, as shown schematically in Fig. 1,
is typically modeled using Fick’s second law, leading to the
“classical” diffusion equation [13–16]. For example, Cahn et
al. [14] provided early experimental justification for a “dif-
fusive” axial transport process by tracking the spread of yel-
low beads into identical white beads, of diameter dp = 200
µm, in a cylindrical drum of radius R = 0.1 m (note that
dp≪ R is required for this continuum description to hold).
Notwithstanding the intricacies of tumblers of non-
circular cross-section [17, 18], granular flow in a long cylin-
drical drum (Fig. 1) has proven to be a simple but important
system to understand [19]. New experiments [20, 21] have
reinvigorated interest in this flow because of the possibility
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of anomalous diffusion, which has been suggested to occur
in size-bidisperse mixtures of particles. To complicate mat-
ters further, such “anomalous” scalings can also be obtained
and interpretedwithin the theory of intermediate self-similar
asymptotics of “classical” diffusion [1], even of monodis-
perse mixtures. The fundamentals of granular diffusion are
still poorly understood because the macroscopic models are
not derived from first principles but rather fit to experimen-
tal or particle dynamics (i.e., simulation) data [22–24]. Nev-
ertheless, experiments have established the key features of
granular flow in rotating containers [25–29]. The most im-
portant conclusion drawn is that the flow in an axial cross-
section of a long rotating drum (Fig. 1 inset) is composed of
a thin surface shear layer (the flowing layer) in which ma-
terial flows quickly down the slope. Particles below it (the
fixed bed) are in static equilibrium performing solid body
rotation in unison with the container. Acknowledging these
disparate flow characteristics in the cross-section, which
Boateng [30] likens to a hydrodynamic boundary layer, Das
Gupta et al. [31] related the axial diffusivity and drift veloc-
ities in a tilted tumbler to its rotation rate, tilt angle and the
particle properties. Their model starts from the stochastic
equations for a single particle and necessitates the prescrip-
tion of a probability distribution of axial displacements due
to interparticle collisions.
As Metcalfe and Shattuck note, “[i]t takes more than 200
revolutions to disperse the seeds ... axially along the tube
boundary and then mix radially. This is physically plausi-
ble given that the only motions mixing the material are the
avalanches across the free surface.” [32]. Thus, the axial
spread of particles is expected to be more complicated than
the Fickian diffusion models originally proposed in [15, 31],
since the fluctuations in the axial direction are distinct from
the random displacements that lead to radial mixing in the
cross-section. Here, we would like to address the question:
Does taking into account the disparate flow characteristics
in the tumbler cross-section lead to a non-Fickian (but not
necessarily “anomalous”) diffusion equation?
2 A macroscopic axial diffusion model accounting for
localization of shear in the cross-section
Let c(z, t) = 1φA
∫∫
A cˆ(r,θ ,z, t)dA be the cross-sectionally av-
eraged concentration in a partially filled cylinder with cross-
sectional area A and fill fraction φ ; cˆ is the number of par-
ticles per unit volume. The flow in the cross-section is sep-
arated into a flowing layer and a fixed bed, thus we decom-
pose c into a “diffusing part” cd and a “non-diffusing part”
cnd; c = cd + cnd. During rotation, a continuous exchange
occurs between the two, which we capture using first-order
kinetics. A “minimal” model of this axial diffusion process,
accounting for localization of shear in the cross-section, is
∂cd
∂ t
= D
∂ 2cd
∂ z2
− k(cd−βcnd), (1a)
∂cnd
∂ t
= k(cd−βcnd), (1b)
subject to given initial conditions (ICs) on the “species”:
cd(z,0) = cd,0(z), cnd(z,0) = cnd,0(z), (2)
and no-flux boundary conditions (BCs) at the endwalls:
∂cd
∂ z
∣∣∣∣
z=±L
=
∂cnd
∂ z
∣∣∣∣
z=±L
= 0. (3)
In Eq. (1a), D is a collisional diffusivity (SI units of
m2/s), k is a rate constant (SI units of 1/s); by linearity, cd
and cnd can be rescaled such that cd+ cnd = 1. The dimen-
sionless parameter β , which is > 0 and 6= 1, is necessary
because the rates at which diffusing and non-diffusing par-
ticles are exchanged between the bulk and the flowing layer
are not necessarily equal. The latter is a consequence of the
lack of local conservation (in a given axial cross-section)
between the two species, which (in turn) is due to the fact
that the diffusing species can leave the given cross-section.
Nevertheless, a global conservation law follows from sum-
ming Eqs. (1), integrating over space, and using the BCs
from Eq. (3):
d
dt
∫ +L
−L
(
cd+ cnd
)
dz= D
∂cd
∂ z
∣∣∣∣
+L
−L
= 0. (4)
Equations (1) can be written as a single partial differen-
tial equation (PDE) for cd by taking ∂/∂ t of Eq. (1a), elimi-
nating ∂cnd/∂ t using Eq. (1b), then eliminating k(cd−βcnd)
using Eq. (1a):
k(1+β )
∂cd
∂ t
+
∂ 2cd
∂ t2
= D
(
kβ
∂ 2cd
∂ z2
+
∂ 3cd
∂ t∂ z2
)
. (5)
Observe that Eq. (5) features both second-order-in-time and
mixed derivatives, thus some authors designate it as a dissi-
pative wave equation [33]. It cannot be derived from Fick’s
first and second law, thus it is termed non-Fickian.
Equations (1) represent a reaction-diffusion system in
which there is local immobilization of one species [34].
Such equations also arise in the modeling of signaling and
transport in certain biological systems [35, 36] wherein
proteins can becoming “mobile” (diffusing) or “immobile”
(non-diffusing) as they bind or unbind from a local substrate.
A similar situation occurs in electrodeposition [37, 38], dur-
ing flows in fractured reservoirs [39] and flows of dusty
gasses [40, 41], etc. (see also [33]).
First, we determine how the parameters D, k and β in
Eqs. (1) relate to the physics of axial diffusion of a granular
material in a tumbler (Fig. 1).
Non-Fickian macroscopic model of axial diffusion of granular materials in a long cylindrical tumbler 3
Determining D: As discussed above, tumbler experiments
and simulations have been used to infer the effective diffu-
sivity of granular materials in flow. In parallel, dimensional
analysis, or the kinetic theory for hard spheres (following the
calculation by Savage and Dai [42]), can be used to obtain
D= χ(c,e)d2p |γ˙| (6)
for the diffusivity of a tagged granular particle of diame-
ter dp in a flow with shear rate γ˙ . The dimensionless quan-
tity χ(c,e) depends only on the mean particle concentration
c and the coefficient of restitution e. As discussed above,
c is conserved, thus χ = const. Using particle tracking ve-
locimetry (PTV), experiments have shown that γ˙ = const.≃
ωR2/δ 20 (to a good approximation) in the flowing layer of
maximal depth δ0 in the cross-section of a tumbler rotating
with angular speed ω (see Fig. 1) [29].
Determining β : At steady-state (t→∞) we expect both spa-
tial and temporal gradients to vanish. Then, we may seek
constant solutions to Eqs. (1) and (3), and we find that
lim
t→∞cd(z, t) =
β
1+β
(cd,0+ cnd,0) =
β
1+β
, (7a)
lim
t→∞cnd(z, t) =
1
1+β
(cd,0+ cnd,0) =
1
1+β
, (7b)
where cd,0 and cnd,0 (cd,0+cnd,0 = 1) must now be constants
given the assumption of no axial gradients.
The cross-section of the cylinder in Fig. 1 is circular,
hence the area occupied by particles is A= φpiR2. To a good
approximation, the flowing layer’s shape is an ellipse with
semi-major axis R and semi-minor axis δ0 [5, §3]. The max-
imal depth of the flowing layer δ0 is typically on the order of
0.1R to 0.2R [27] (or, about 8 to 12 particles thick for beads
a fewmm in diameter in a 24 cm-diameter drum [29]). Thus,
the flowing layer’s fraction of the cross-sectional area is
1
2
piδ0R
φpiR2
=
1
2φ
(
δ0
R
)
. (8)
At steady state, the fractions of particles in the flowing layer,
as given by Eqs. (7a) and (8), must match, thus
β =
δ0
2φR− δ0 ≃
1
2φ
(
δ0
R
)
(δ0 ≪ R). (9)
Determining k: The rate constant k quantifies how fast the
diffusing species leaves the flowing layer. The flux of par-
ticles through the flowing layer’s interface with the bulk
must equal the flux through the center, or Q ≃ 1
2
ωR2 [27],
where ω is the rotation rate of the tumbler. We could also
estimate this flux as the area of the flowing layer, 1
2
piδ0R,
times the rate-of-loss (or gain) of the diffusing species. At
steady-state, the losses and gains balance; specifically, from
Eq. (1b), kcd = βcnd. Then, using Eqs. (7), kcd = βcnd =
β/(1+β ) = δ0/R. Thus, a second estimate for the steady-
state flux is Qd ≃ 12piδ 20 k. Equating Q and Qd, we find that
k≃ ω
pi
(
δ0
R
)−2
. (10)
Again, typically δ0 ≪ R, so k/ω ≫ 1.
Nondimensionalization: Consistent with prior literature, we
use the tumbler’s axial half-length as the length scale and the
axial diffusion time as the time scale: z= LZ, t = (L2/D)T .
Then, lettingCd(Z,T ) = cd(z, t), Eq. (5) becomes
(1+β )
∂Cd
∂T
+D
∂ 2Cd
∂T 2
= β
∂ 2Cd
∂Z2
+D
∂ 3Cd
∂T∂Z2
, (11)
Here, D = D/(kL2) = (piDδ 20 )/(ωL
2R2) is a dimensionless
parameter—a type of Damko¨hler number—that represents
the ratio of the “reaction time scale” (1/k) to the diffusion
time scale (L2/D). We expect that D ≪ 1 since the reaction
time scale is related to the exchange of particles between
the flowing layer and the bulk, which occurs continuously
as the tumbler rotates, while diffusion in the axial direction
occurs more slowly over many revolutions. Indeed, for par-
ticles with diffusivity on the order of D≈ 1 mm2/s in a thin
flowing layer with aspect ratio δ0/R ≈ 0.1 in a tumbler of
length 2L = 600 mm and radius R = 14.25 mm rotating at
ω = 0.62 rev/s = 1.24pi rad/s [20], we have D ≃ 10−7.
Notice that, for D → 0+ (e.g., k→ ∞, an infinitely fast
flowing layer–fixed bed exchange), Eq. (11) becomes the
“classical” Fickian diffusion equation from previous models
[13, 15, 31] but the diffusivity is multiplied by β/(1+β ) =
δ0/R≈ 0.1. Therefore, when fitting solutions of the Fickian
diffusion equation to data, the diffusivity may be overesti-
mated by an order of magnitude.
Next, we solve the axial granular diffusion initial-
boundary value problem (IBVP) for Eq. (11). Specifically,
we seek to address the effect of D > 0 on the transient dy-
namics. As proposed in [1], the time required for the con-
centration profile to relax away from a finite-width pulse IC
can be one reason for observing “anomalous” scalings.
3 The initial-boundary value problem on Z ∈ [−1,+1]
First, we must supplement Eq. (11) with appropriate ICs, say
Cd(z,0) = Cd,0(Z) and (∂Cd/∂T )T=0 = Cd,1(Z). Cd,1(Z) is
not arbitrary because it must satisfy a compatibility condi-
tion based on Eqs. (1). Specifically, from Eq. (1a), Cd,1(Z)
can be related to the non-diffusing species’ initial condition
Cnd,0(Z) [recall Eq. (2)] as Cd,1(Z) = D∂
2Cd,0(Z)/∂Z
2 −
Cd,0(Z) + βCnd,0(Z). Now, for the problem at hand, sup-
pose an equilibrium partition of diffusing and non-diffusing
species in the cross-section at T = 0, in which case
4 Ivan C. Christov, Howard A. Stone
βCnd(Z,0) = Cd(Z,0). Then, a band of unit area of diffus-
ing particles is tagged, and we seek to determine its evolu-
tion. To this end, normalizeCd as C˜d(Z,T ) =Cd(Z,T )/Cd,∞
where Cd,∞ = β/(1+β ) is the constant steady-state distri-
bution from Eq. (7a). The ICs for Eq. (11) then become
C˜d(Z,0) =
1
2ℓ
[H(Z+ ℓ)−H(Z− ℓ)] , (12a)
∂C˜d
∂T
(Z,0) =
D
2ℓ
[
δ ′(Z+ ℓ)− δ ′(Z− ℓ)] , (12b)
where 2ℓ < 2 is the band’s width, H(·) is the Heaviside
unit step function, δ (·) is the Dirac-delta function and δ ′ ≡
dδ/dZ. The BCs given in Eq. (3) carry over to C˜d.
Next by separation of variables using the eigenfunctions
of d2/dZ2 satisfying homogeneous Neumann BCs, the so-
lution can be written as a Fourier cosine series: C˜d(Z,T ) =
1
2
a0(T ) +∑
∞
n=1 an(T )cos(npiZ). Substituting into Eq. (11)
and employing orthogonality of the eigenfunctions:
D
d2an
dT 2
+
[
(1+β )+ n2pi2D
] dan
dT
+ n2pi2βan = 0, (13)
The ICs (12) give an(0) = sinc(npiℓ) for n > 0,
1 and
(dan/dT )T=0 =−n2pi2Dan(0) for n≥ 0. Applying the tem-
poral Laplace transform, (·) = ∫ ∞0 (·)e−sT dT (s ∈ C), to
Eq. (13), we obtain, for n≥ 0,
an(s) =
an(0)[s+(1+β )/D+ n
2pi2(1−D)]
{s2+ s[(1+β )/D+ n2pi2]+ n2pi2β/D} . (14)
Following [43], Eq. (14) can be inverted back to the t
domain by partial fractions and tables of Laplace transforms,
to yield a0(t) = H(t), and
an(T ) = sinc(npiℓ)H(T)exp(−ϒnT )
[
cosh
(
T
√
∆n
2D
)
+
(1+β )+ n2pi2D(1− 2D)√
∆n
sinh
(
T
√
∆n
2D
)]
, (15)
for n > 0, where ∆n := ∆(npi) and ϒn := ϒ (npi), with
ϒ (ξ ) := (1 + β + ξ 2D)/(2D) and ∆(ξ ) := (1 + β +
ξ 2D)2 − 4ξ 2βD is the discriminant. In general, we must
consider the three cases ∆n R 0. On physical grounds, we
expect β < 1 (indeed, β ≪ 1) as discussed in Sec. 2. Then, it
can be shown ∆(ξ )> 0 ∀ξ andD , thus we may take ∆n > 0.
To summarize, the exact dimensionless solution to the
IBVP comprised of Eqs. (11), (12) and (3) is
Cd(Z,T ) =
β
1+β
[
1
2
H(T )+
∞
∑
n=1
an(T )cos(npiZ)
]
, (16)
where an(T ) is given in Eq. (15). To the best of our knowl-
edge, Eq. (16) is a new exact solution [in any context in
which Eq. (11) arises]. The corresponding IVP on Z ∈
1 Having defined sinc(η)=η−1 sinη for real η 6= 0 and sinc(0) = 1.
(−∞,+∞) is discussed in [34, Sec. V-A], including the
derivation of the fundamental solution [i.e., the solution to
the IVP with ICs Cd(Z,0) = δ (Z) and (∂Cd/∂T )T=0 = 0].
The fundamental solution was found to consist of a singu-
lar part localized at the origin (but decaying exponentially
in time) and a regular part that behaves asymptotically as
the well-known Gaussian solution of the diffusion equation
[i.e., Eq. (11) withD = 0]. Unlike the latter case, all terms in
Eq. (16) are regular (i.e., not singular).2 With Cd(Z,T ) now
determined, Cnd(Z,T ) can be easily found from the dimen-
sionless version of Eq. (1b).
As T →∞, the non-Fickian solution given by Eq. (16) is
expected to converge to the equivalent solution of the Fick-
ian diffusion equation [i.e., Eq. (11) withD = 0] [34], which
can be computed following the same steps as above:
Cd(Z,T ;D = 0) =
β
1+β
H(T )
[
1
2
+
∞
∑
n=1
e−n
2pi2DF T sinc(npiℓ)cos(npiZ)
]
, (17)
where DF := β/(1+β ) is dimensionless.
Figure 2 shows, respectively for D = 5× 10−3 (a,b.c)
and D = 5× 10−2 (d,e,f), comparisons between the exact
solutions given by Eqs. (16) (solid) and (17) (dashed) at
different T . Common values of β = 1/9 (corresponding to
δ0/R = 1/10 for a half-full tumbler, φ = 0.5) and ℓ = 1/5
are used in all plots. The most obvious feature of the non-
Fickian model [Eq. (16)] is that, for finiteD , the initial pulse
takes a nontrivial amount of time to relax, exhibiting persis-
tent discontinuities at Z = ±ℓ. For T = O(1) (i.e., “long”
times), the non-Fickian and Fickian solutions agree, but the
time it takes for them to do so increases with D . This result
(also shown to hold for the IVP on Z ∈ (−∞,+∞) in [34])
justifies using a Fickian diffusion model at long times. How-
ever, the non-Fickian aspects of the model have non-trivial
consequences at early times in the axial diffusion process.
4 Discussion
Implications for axial segregation. Polydisperse granular
mixtures are capable of axial segregation, which can be
modeled by including a concentration-dependent diffusiv-
ity in the axial diffusion model and coupling it to an evolu-
tion equation of the dynamical angle of repose of the free
2 Note, however, that the term premultiplying sinh(·) in Eq. (15)
scales as n, which is expected to cause a significant Gibbs phenomenon
in the final Fourier series solution in Eq. (16), if D 6≪ 1. To mitigate
this unwanted effect, all plots shown below are generated by multiply-
ing each term in the summation over n in Eq. (16) by a cubic Lanczos
σ -factor [44, pp. 221–227], i.e., sinc3(npi/N), where n = N− 1 is the
final term in the truncated series. The σ -factors reduce the Gibbs phe-
nomenon and do not affect the convergence of the Fourier series.
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Fig. 2 Time-evolution snapshots of the (dimensionless) diffusing species concentration Cd from the non-Fickian solution in Eq. (16) as solid
curves, at (a,d) T = 0.01, (b,e) T = 0.1, (c,f) T = 1 for (a,b,c) a Damko¨hler-like number D = 5× 10−3 and (d,e,f) D = 5× 10−2. The partition
ratio is β = 1/9 and the half-width of the pulse is ℓ= 1/5. Dashed curves correspond to the Fickian diffusion solution (D = 0) given in Eq. (17).
surface [45]. However, experimental observations, such as
out-of-phase oscillatory segregation [46], are not captured
by the latter model [45]. Nevertheless, transport along the
direction of the tumbler’s axis of rotation, through a segre-
gated core via particle size differences, has been identified as
a mechanism governing coarsening of axial segregation pat-
terns [47], which further complicates the modeling. Thus, it
is of interest to determine (in future work) if the proposed
non-Fickian diffusion model could lead to new mathemat-
ical insight of axial segregation dynamics given that axial
segregation occurs within only a few tumbler revolutions on
the fast timescale of the exchange of particles between the
flowing layer and the bulk being modeled here.
Equivalent constitutive equation. An equivalent constitu-
tive equation (i.e., Fick’s first law) can identified for the pro-
posed non-Fickian diffusion model. To this end, consider the
following relation between the axial flux qd and concentra-
tion gradient ∂cd/∂ z of the diffusing particle species:[
1+
1
k(1+β )
∂
∂ t
]
qd =−D β
1+β
[
1+
1
kβ
∂
∂ t
]
∂cd
∂ z
, (18)
Then, Eq. (5) can be obtained by combining the latter
with the axial conservation of mass (continuity) equation
∂cd/∂ t+∂qd/∂ z= 0. The significance here is that Eq. (18)
is a common constitutive relation, termed the Jeffreys model
[48] (see also [49, §5.2b]), arising in non-Newtonian fluid
mechanics. This mathematical observation means that ex-
act solutions of the BVP for Eq. (11) on z ∈ [0,+∞) with
cd(0, t)=H(t) can be immediately obtained by adapting any
of the representations previously obtained for this BVP in
the fluid mechanics context (see, e.g., [50, 51]); similarly for
the BVP on z ∈ [0,1] [43]. These BVPs can be interpreted
as various industrial feed problems. A time-dependent BC,
cd(0, t) = cd,0(t)H(t), can be accommodated via the convo-
lution theorem for the Laplace transform.
The most salient feature of making an analogy to
a Jeffreys-type model is that the exchange of particles
between the bulk (non-diffusing) and surface (diffusing)
species can clearly be interpreted as “memory” in the ax-
ial diffusion process, and quantified through β and k given
explicitly in Eqs. (9) and (10).
Connection to fractional (anomalous) diffusion. Building
onto the last point, Eq. (18) can be thought of as the first
term in the Volterra series expansion of any general func-
tional relationship between the flux and the concentration
gradient [52]. Specifically, Eq. (18) can be put in the form
of a memory integral:
qd(z, t) =−
∫ t
−∞
K(t− t ′)∂cd
∂ z
(z, t ′)dt ′, (19)
for some “effective” kernel K(·), which could be written
explicitly in terms of a decaying exponential and a Dirac-
delta term (see, e.g., the related problem in [49, §5.2b]).3
A memory-integral constitutive equation for axial granu-
lar diffusion is reasonable because granular force networks
[2] form and carry “information” across the flowing mate-
rial. The latter can be interpreted as nonlocal action, leading
to (possibly) highly-correlated particle distribution statistics
(i.e., “memory”) in the flow [55, 56].
Now, what if K decayed “slower than exponentially”
[57]? For the sake of argument, assume that the flux qd does
3 Notice that for K(·) = Dδ (·) (no memory), Eq. (19) reduces to
Fick’s first law [53, 54], qd =−D∂cd/∂ z, andD is the usual diffusivity.
For a granular flow, the constitutive relation between qd and ∂cd/∂ z is
unknown but Fick’s first law is often invoked [13, 15, 31].
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not depend on the history of ∂cd/∂ z prior to the initiation
of flow (t = 0). Then, a generic form for K, which decays as
t → ∞, is a power law: K(·) = Dλ (·)λ−1/Γ (λ ), where Γ (·)
is the Gamma function, λ ∈ (0,1) is a real number, and the
proportionality constant Dλ (> 0) does not have the mean-
ing of diffusivity. Substituting this K into Eq. (19), we arrive
at qd(z, t) = Dλ 0I
λ
t ∂cd/∂ z, where
0I
λ
t Ξ(· · · , t) :=
1
Γ (λ )
∫ t
0
Ξ(· · · , t ′)
(t− t ′)1−λ dt
′ (20)
is the Riemann–Liouville fractional integral of order λ
[58, 59]. Substituting this new constitutive law into the con-
tinuity equation, we obtain a fractional diffusion equation
∂cd
∂ t
= Dλ 0I
λ
t
∂ 2cd
∂ z2
. (21)
Unlike Eq. (5), Eq. (21) has the attractive property of pos-
sessing self-similar solutions in terms of Fox’s H-function
in the similarity variable x
/
t(1−λ )/2 [59].4
Through the connection to the memory integral in
Eq. (19), we see that the proposed model [Eq. (11)] and the
fractional diffusion model [Eq. (21)] are two cases of a com-
mon general theory. Only experimental measurements of the
kernel K would yield a definitive model for axial diffusion
(accounting for various “anomalies” heretofore discussed).
Such measurements remain a challenging open problem,
which we hope will be addressed by those continuing exper-
imental soft condensed matter (including granular) physics
research in the spirit of Bob Behringer.
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